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Chapter 1: Introduction 
1.1: Introduction to molecular motor 
A large number of molecular motors (biomolecular nano-machines) have been identified in 
the cells of living beings where these accomplish a variety of tasks. Many of these motors are 
now rather well studied and were found to work with an amazing degree of precession and 
efficiency. In the present review work, we will confine on one class of molecular motor, 
which has been studied quite extensively during last decade, namely possessive cytoskeletal 
motors that drive the traffic of vesicles and organelles within cells. 
In general, motors are the transducers that convert one form of energy to another to do some 
useful work. These motors are microscopic and absorb chemical or thermal energy to do 
mechanical work. The motors are used to transport intracellular molecular cargoes including 
organelles and vesicles to their respective destinations. Such motors act as the mobile 
workshops to synthesize macro molecules while moving on their tracks in a cell. The motor 
proteins operate in such a domain where the length, time, force and energy are measured in 
units of nanometer, millisecond, piconewton and hgT, respectively [I, 2]. 
In all the eukaryotic cells motor proteins are responsible for transporting intracellular 
organelles. The cytoplasm contains different types of organelles, molecules, and the aqueous 
medium. The motor proteins carrying cargo move in a directed fashion along the cytoskeletal 
filaments. The motor makes many encounters with the organelles and molecules of viscous 
medium. Consequently, molecular motor work in an environment dominated by thermal 
noise. The binding energy of motor with filament is marginally greater than the thermal noise 
and is subjected to large fluctuations. Therefore, the system properties have to be studied far 
away from equilibrium and the mechanism would be comparable to a man who walks simply 
in a hurricane. 
In the following sections of the present chapter different types of molecular motor, its 
mechanism, comparison with macroscopic motor, and some experimental techniques to 
measure the properties of motor movements are discussed. In the next chapter, different 
theoretical approaches towards the modeling of motor movements are discussed. The 
Brownian dynamics is very useful and powerful technique to model the dynamics of motor 
protein. The motor protein considered as a Brownian particle positioned at the center of 
mass. At the Brownian level, Langevin and Fokker Planck equations of motion describes the 
dynamics of motor. The Langevin equation of motion incorporates thermal noise, potential 
acted on the particle and external forces [3]. For simplest case, the particle with overdamped 
limit and zero external force are considered. Later, to incorporate the cargo transport by 
motor protein, an external bias applied to Brownian particle. The theory behind Feynman 
ratchet and pawl mechanism helps us to understand how the motor drives in a far from 
equilibrium regime. The spatially periodic and asymmetric model along with the thermal 
noise drives the motor in a preferred direction, the so called ratchet effect. Different types of 
ratchet models are discussed in chapter 3. Recently developed lattice model [4] for random 
walker which produces the transport properties of motor movement are studied in chapter 4. 
To make the real picture of cargo transport, the random walker in different geometries [5] 
have been considered. Random walker in tube like compartments which resembles the axonal 
transport with different boundary conditions is discussed in same chapter. 
In contrast to the transport properties of single motor molecules which have been studied 
extensively during the last two decades, the traffic phenomena in many-motor systems [6] 
have only recently attracted the interests of experimentalists and are still largely unexplored 
from the experimental point of view. In chapter 5, we discuss the cooperative transport of 
cargo by several motors and bidirectional transport. 
The study of molecular motor is important for many disciplines. To the physicist, 
understanding the architecture and function of molecular motors can help in understanding 
the basic design mechanisms in nature and helping us in designing nano machines. From the 
biological and medical point of view, molecular motor are essential proteins, and involved in 
Golgi positioning, chromosomal segregation, mRNA and protein transport, neuronal 
transport, development of central nervous system etc. For all the above processes to occur 
normally, regulation of the relative activity of different motors is essential. Dysfunctional 
molecular motors result in numerous diseases (Cancer, Alzheimers etc). 
A very important aspect of motor protein is tiieir working efficiency. Some of the motors 
even work amazingly with efficiency 95% and more. Exploring the design and mechanisms 
of the molecular motors from an engineering perspective requires an investigation into their 
structure and dynamics using the fundamental principles of physics at subcellular level. The 
insights gained from such fundamental research may fmd practical applications in designing 
and manufacturing artificial nano-motors. 
1.2: Biotogical background 
Cell is the amazing and complex structural unit of living organisms. A eukaryotic cell (cell 
with membrane bounded nucleus) possesses different intracellular components with 
performing different functions. The cross section of a micrometer sized animal cell with 
labeled cell units given in the figure (1). Our main focus is the molecular machines of nano 
meter size and its movement along the cytoskeletal filaments. 
Molecular motors, proteins or protein complex, transforms chemical energy into mechanical 
work at molecular (nanometer) scale. The chemical process that produces energy is 
hydrolysis of Adenosine Tri-phosphate (ATP) to Adenosine Di-phosphate (ADP) and organic 
phosphate (Pi). These nano machines which absorb the energy released in chemical process 
are the essential agents of movement in living organisms. These differ in structure, cellular 
functions, etc. Some examples are cytoskeletal motors, rotary motors, nucleotide based 
motors, etc. FQ-FI ATP synthase and bacterial flagellar motor are some of the rotary motors 
that are responsible for ATP synthesis in mitochondria and cell locomotion, respectively. 
Nucleotide based motors (for example: RNA polymerase, DNA polymerase, helicases) which 
move along the strands of DNA and RNA and take part in the processes such as 
transcription, translation, DNA replication, etc. 
Cytoskeletal based molecular motors, the most fascinating protein, that associate with the 
cytoskeleton are in general called as motor proteins. These proteins bind to a polymerized 
cytoskeletal filament and use the energy derived from repeated cycles of ATP hydrolysis to 
move steadily along it. These differ in type of filament (cytoskeletal filament) the motors 
bind to, the direction in which the motors move along the filament, and the "cargo" they 
carry. Many motor proteins carry membrane enclosed organelles- such as mitochondria, 
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lysosomes, golgi stalks, secretary vesicles, etc to their appropriate locations in the cell. Some 
motor protein cause cytoskeletai filaments to slide against each other, generating the force 
that drives such phenomena as muscle contraction, ciliary beating, and cell division. 
Figure (1.2): Transport of cargos by molecular motors along the cytoskeletai filaments [61. 
All of these motors have the ability to use chemical energy to probe them along a linear 
track, with the direction of sliding dependent on the structural polarity of the track. All of 
these generate motion by coupling nucleoside triphosphate hydrolysis to a large scale 
conformational change in a process. Since the motor proteins are enzymes, these hydrolyze 
ATP to generate A.DP and Pi which are released sequentially, allowing the motor protein to 
rebind ATP and start another cycle. During one cycle of ATP hydrolysis/product release, the 
motors undergo a conformational change that can produce force and unidirectional motion. 
1. 
M 
I 
2. 
M-ATP 
I 
M-ADP 
4. 
M-ADP-Pi 
3. 
Figure (1.3): The chemical cycle: M is motor protein and hydrolysis occurs for a transition 
from 2 to 3. 
Through a mechanochemical cycle of filament binding, conformational change, filament 
release, conformational relaxation, and filament rebinding, the motor protein and its 
associated cargo move one step at a time along the filament (typically a distance of a few 
nanometers). 
Cytoskeleton is a polymerized filamentous track for motor protein, also possess a skeletal 
system to the cell. It is composed of three well defined filamentous structures - Microtubules. 
Microfilaments, and Intermediate filaments - which together form an elaborate network. 
Each of three filaments is a polymer of protein subunits. Microfilaments are solid, thinner 
structures composed of the protein actin. Intermediate filaments are tough, ropelike fibers 
composed of a variety of related proteins. Microtubules are rigid tubes composed of subunits 
of protein tubulin. It has an outer diameter of 24nm, a wall thickness of ~ 5nm, and may 
extend across the length or breadth of a cell. Microtubules have been found in nearly every 
eukaryotic cell. Microtubules are components of a diverse array of structures, including the 
mitotic spindle of dividing cells and the core of cilia and flagella. 
Microtubule Structure 
"0 
•—alpha-Tubulln 
beta-Tubulln 
Protofltament 
Figure (1.4): structure of microtubule track along which Kinesin motor moves [7]. 
The wall is composed of globular tubulin arranged in longitudinal axis known as 
protofilament and 13 such protofilaments aligned parallel to long axis forming a cylindrical 
structure. Each protofilament is assembled from dimeric building blocks consisting of one 
alpha tubulin and one beta tubulin globular subunit. Because of each assembly unit contains 
two nonidentical components (a heterodimer), the protofilament is asymmetric. The 
heterodimer polymerize in a head-to-tail manner and then the protofilaments of a microtubule 
have the same polarity. Consequently the whole microtubule has a polarity. The alpha tubulin 
located at its minus end and a beta tubulin located at plus end. The plus ends of microtubules 
are located near the periphery and the minus ends are anchored at or near the centrosome 
which is positioned near the nucleus. 
There are three cla.sses (super families) of cytoskeletal motor proteins and the different 
members are specialized for different biological tasks: Kinesins, Dyneins, and Myosins. 
Kinesin and dynein move along microtubule track and myosin moves along actin filament 
(microfilament). Each organism has different numbers of kinesins, dyneins and myosins. 
Motor proteins recognize the polarity of the filament and travel in only one direction. 
Kinesins travel towards the microtubule plus end (Although one class of kinesin (Kinesin-13) 
towards the minus end) and dyneins directed towards the microtubule minus end [1,7]. 
Structure of Kinesin: 
The motor protein kinesin is a tetramer constructed from two identical heavy chains and two 
identical light chains. Kinesins have three major types of domains [7]: (1) Head: a pair of 
globular head that bind a microtubule track and act as ATP hydrolyzing, force generating 
engines, (2) Stalk: two heavy polypeptide chains that wrap around each other through a 
coiled coil interaction, and (3) Tail: domain that bind cargo to be hauled. 
Heavy chains 
Figure (1.5): Three structural domains of atypical motor [7]. 
There are 45 kinesin genes in human. These can be recognized by their similar motor 
domains (~ 30% identical in amino acid sequence). Each gene has a very different 
localization, different cargo binding, unique regulatory control. Kinesin is a possessive 
motor. A single motor can move along a microtubule track for hundred or more ATPase 
cycles without detaching. The two heads of i-cinesin move in a hand-over-hand manner, 
somewhat like walking across evenly spaced stepping stones placed across a pond. 
The mechanochemical cycle produce the conformational changes as follows [1, 8]: 
1. When the front (leading) head is bound to a microtubule before the power stroke, its neck 
linker region is relatively unstructured. ATP binding to the bound head causes the neck 
linker to dock tightly to another binding site. The ATP binding causes the motor-
microtubule interaction stronger. 
2. This docking along the side of head throws the rear head to a forward position (front). 
3. The new front head will be able to bind a new attachment site on the protofilament 8nm 
closer to the microtubule plus end than the binding site for the rear head. 
4. ATP hydrolysis occurs at rear head site and releases phosphate. Since the ATP state is a 
weak microtubule binding site for kinesin, the rear head dissociate from the track. 
The motor protein myosin moves along actin filaments (microfilament). The first motor 
protein identified was myosin II, which is responsible for generating the force muscle 
contraction. The microfilaments are composed of globular subunits of the protein actin. 
Myosin has a structure similar to kinesin motor. The head domain contains a site that binds 
an actin filament and a site that binds and hydrolyses ATP to drive the myosin motor. As the 
head domains of myosin are similar, the tail domains are highly divergent. To get the 
directed motion, myosin also possess the mechanochemical cycle. The chemical transitions 
produce conformational changes to myosin motor as follows: 
1. ATP binding causes myosin to release from actin (ATP state is a weak actin binding 
state, the opposite of kinesin). 
2. ATP hydrolysis is lead to "recock" the myosin lever arm. 
3. Actin binding helps to dissociate phosphate from myosin. 
4. Phosphate release causes myosin to bind very tightly to actin and then causes the rotation 
of lever arm domain. 
Muscle myosin is not possessive, but other myosins in the cell (myosin V) are possessive. 
1.3: Comparison of macro-nano system 
Macroscopic engine operates on petrol as fuel and by analogy cytoskeleton motor runs on the 
free energy released by the hydrolysis of ATP. The ATP binding site of cytoskeletal motor, 
where ATP hydrolysis occurs, can be considered as the engine of the motor. The 
microtubules and actin filaments on which the molecular motor moves, corresponds to the 
tracks (roads and highways) on which the vehicles move. The speed of motor protein is 
pathetically slow comparing to an automobile moving on a highway. But motor protein move 
fast {4x10^ length/hr) than a car {10^ length/hr) on highway. The molecular motors carry 
cargo (organelles and vesicles within the cell) which is analogous to goods carriers. A 
comparison of four cylinder macroscopic combustion engine and conventional two-headed 
kinesin is tabulated. 
Size 
Fuel 
Speed 
Engine 
Work efficiency 
Conventional 
2-headed kinesin 
IQ-'^ m 
ATP 
4xlO"^Ti/hr 
4x10^ length/hr 
2 heads 
ATP binding site 
~ 60% 
Automobile engine 
1 m 
Hydrocarbon 
lO'm/hr 
10' length/hr 
4 cylinders 
Combustion chamber 
-10% 
Table (1.1): Comparison of four cylinder macroscopic combustion engine and the conventional 
two-headed kinesin motor [2]. 
1.4: Experimental setup 
X-ray crystallography: This method provides the atomic details of motor proteins and also 
provides the information about the positioning of each amino acid in the protein and this 
gives one insight into the ATPase cycle and the conformational mechanisms. Since X-ray 
crystallography provides static views, one cannot study the dynamics of motor protein 
movements. 
The dynamics of motor protein have been studied using motility assays: in vitro and in vivo. 
In vitro (Latin: within the glass) analysis is performed not in a living organism but in a 
controlled environment, such as in a test tube. However, in vivo (Latin: within the living) is 
an experimentation within living organisms. In vivo testing is often employed over in vitro 
because it is better suited for observing the overall effects of an experiment on a living 
subject. But in vitro analysis is better suited than in vivo analysis for deducing biological 
mechanisms of action. The in vitro motility assays involve a purified motor, purified 
cytoskeletal filaments (i.e., polymerized from purified tubulin or actin), and ATP. For 
conventional kinesin, two in vitro motility assays performed. First, purified kinesin bound 
(nonspecifically) to one micron plastic beads. Then, the kinesin motor protein carries this 
beads along the stationary microtubules bound to a glass coverslip. The second procedure is 
"gliding" assay, i.e., kinesin is bound nonspecifically to the glass (so the motor is not 
moving) but it grabs hold of microtubules in solution and moves the microtubules across the 
glass surface. 
Many experiments either in vitro or in vivo are conducted to study the activity of molecular 
motors. Among the in vitro motility assays, the most important and applicable are FCS, 
FRET and Optical Tweezers. FCS (Fluorescence Correlation Spectroscopy) and FRET 
(Forster Resonance Energy Transfer) are fluorescence techniques. In the FCS technique light 
is focused on a sample and measured fluorescence fluctuations due to diffusion are analyzed 
using temporal correlation. Using this one can measure diffusion coefficients, kinetic 
chemical reaction rates, etc. Another fluorescence technique is FRET also named as 
Fluorescence Resonance Energy Transfer reveals the proteins localization. 
Optical tweezer is a device use light to handle microscopic objects using radiation pressure 
from focused laser beams. The focused laser beams then are able to trap the small dielectric 
particles (beads). A laser beam is focused to a spot which creates "optical trap" which is able 
to hold a small particle at its centre. Optical traps are very sensitive instruments and are 
capable of the manipulation and detection of sub-nanometer displacements for sub-
micrometer dielectric particle. Also optical traps allowed biophysicists to observe the forces 
(few piconewtons) and dynamics of nanoscale motors at the single molecular level, therefore, 
the optical trap spectroscopy led to greater understanding of the stochastic nature of these 
force generating molecules. By attaching a single molecular motors (such as kinesin, myosin, 
RNA polymerase) to a dielectric bead, researchers have been able to probe motor properties 
like step size, force produced by motor, etc. Steve Block and colleagues measured the 
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stepsize and the small forces produced by conventional motor protein kinesin to be 8 nm and 
few piconewtons, respectively. 
laser • 
specimen 
plane 
objective 
' S 
L J 
Figure (1.6): Optical tweezer- the laser beam traps the motor protein in the optical trap 
From experiments, the parameters of molecular motor bound to the filament can be 
measured. Some of the experimental results for bound motors parameters are summarized in 
table (1.2). It includes, the step size of motor /, the velocity along the filament v^, walking 
distance Ar , walking time \t , and diffusion coefficient n . 
Motor protein 
Two-headed kinesin 
Two-headed kinesin 
One-headed kinesin 
Dynein 
Two-headed myosin V 
/ 
(nm) 
8 
8 
8 
8 
36 
^h 
(nm/s) 
680 
710 
140 
422 
<360 
A 
(nm /^s) 
1360 
2200 
44000 
-
~ 
Ax„ 
(^m) 
2 
0.84 
2.6 
1.6 
At, 
(s) 
2.6 
6.1 
— 
>4.5 
Table (1.2): The experimental results for cytoskeletal based motors that bound to the 
filamentous track [5]. 
Chapter 2: Theoretical Approaches 
For molecular motors in the cytoplasm where viscosity dominates over inertia, in order to get 
directed motion, it must swim in molasses. Further, the power of thermal noise exchanged 
reversibly between the motor and its environment due to random collision with water 
molecules is much larger than the power provided by the ATP hydrolysis "power stroke". 
Under such situations moving in a specific direction would be as difficuh as walking in a 
hurricane. 
The dynamics of motor proteins inside the cell can be studied in two ways [2]. At the 
molecular level one considers Newton's equations for all the atomic constituents of the motor 
and those of the surrounding viscous medium. Practically it is not possible to solve these 
equations and even using advanced computer simulations. It is great task to develop the 
relevant information from the huge amount of data generated. In the second approach, the 
centre of mass of the motor protein is treated as a Brownian particle. Knowing the different 
forces acted on or by the molecule with the medium, one can write the equation of the motion 
and solve it to get the behaviour of motor protein. 
At Brownian level two approaches have been made: (i) Individual based and (ii) Population 
based. The individual-based models describe the dynamics of individual elements explicitly 
and transport dynamics are developed in terms of the constituent elements just like 
microscopic models of matter are formulated in terms of molecular constituents. This model 
is dealing with the state of each individual element. The dynamical laws governing the time-
evolution of the system must predict the state of system at a time /+A/, given the 
corresponding state at time t. The change of state reflects the properties of movements of 
individual elements. Moreover, this model has been formulated for both continuous and 
discrete situations. In the continuous formulation, the Langevin differential equations 
describe the individual trajectories of the element. In the population-based models, one works 
in terms of population densities (i.e. number of individual elements per unit area or per unit 
12 
volume). In this models space and time are considered as continuous and partial differential 
equations are written for the time dependent local collective densities of the elements. 
In 1828, Robert Brown, a botanist observed the random motion of pollen grains with help of 
a microscope [9]. The cause of this motion was unknown for decade. In 1905, Einstein 
published papers on the theory of Brownian motion by molecular kinetic theory of heat. In 
1906 he developed more important theories in his PhD thesis. Since the motion is random, 
average displacement of Brownian particle will be zero. In his paper Einstein formulated an 
expression for mean-square displacement (x^), suffered by a spherical Brownian particle, of 
radius a, in time t is given by 
^^ ^-t (2.1) x') = 
3^„,.«'7 
where rj is the viscosity of the fluid, R is the gas constant and Nav is the Avogadro number. 
Further Einstein developed a relation, yD = k/^T, where y is coefficient of viscous drag, D is 
diffusion constant and T is the absolute temperature. Diffusion constant D measures the 
fluctuation in the position and y is that of energy dissipation of Brownian particle. This 
relation is generally known as Fluctuation-Dissipation theorem. Another important result he 
obtained is diffusion equation 
^ = fl^ (2.2, 
dt ax-
where P(x, t) is the probability distribution of position of Brownian particle at time /. This 
expression relates the random walk of a single particle and diffusion of many particles. 
Solution to this diffusion equation is 
[2ncT{t)\ la' (2.3) 
The root-mean-square displacement [x ) - gives the width of the Gaussian curve for P(x, t) 
with initial condition P(x, 0) = d(x), Dirac delta function. 
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Figure (2.1): the Gaussian curve for probability distribution of a Brownian particle located 
initially at x = 0 plotted at three times [9]. 
As derived by Einstein, Smoluchowski independently reached to the same results for 
Brownian motion through another method. Unfortunately, he waited the experimental 
clarification to his theoretical predictions. Later, Jean Perrin et al verified Einstein's 
theoretical predictions experimentally. Using colloidal suspension with dispersed particles, 
the root-mean-square displacement of dispersed particle grows with time t and he obtained 
precise value of Avogadro number. 
In the viscous medium, the frequent collision of a Brownian particle with fluid molecule 
results in its perpetual acceleration and deceleration. The Brownian trajectory observed under 
a microscope is caused not by a single collision with a fluid particle, but by an enormously 
large number of successive kicks from different fluid particles. Since the number of collision 
is very large, the detailed study of Brownian trajectory is not possible. So the stochastic 
description of particle movement is considered. The mathematical formulation of such 
stochastic process is given by deterministic Newton's equation for individual Brownian 
particle. In this formulation, particle is subjected to an "effective" force due to particles 
interaction with other elements. It includes a viscous drag force and a fluctuation force 
(noise) which is caused by discrete and stochastic collision with fluid molecules. 
14 
For a particle of mass 'tn\ the Langevin equation [9, 10] describing the motion in one-
dimensional space with coordinate jcfifj is 
inx{t)=F^.^,-rx{t)+^{t) (2.4) 
where Fe^i is the external force acting on the particle, y is coefficient of friction and ^(i) is 
fluctuating force. Since c(0 is a random force we must have {<^\t)) = 0 for all time t. 
Langevin equation is a stochastic dynamical equation that accounts for irreversible processes 
and does not explicitly describe the dynamics of the constituents of the heat bath. In the 
simplest formulation of Langevin theory of Brownian motion, one can assume that ^(t) is a 
Gaussian distributed and therefore noise also referred as Gaussian white noise. The frictional 
force on RHS of above equation is linear in x{t) i.e. no spatial direction is preferred. 
Similarly the fact that the frictional force only depends on the present state of the system and 
not on what happened in the past has its counterpart in the assumption that the random 
fluctuations are uncorrelated in time. i.e. 
(^(0^(4 = 0 // t^s (2.5) 
and the correlation relation thus obtained is so-called fluctuation-dissipation relation is 
written as 
{^(0^(4 = 2rkJS{t-s) (2.6) 
where S(t) is Dirac's delta function and kg is Boltzmann's constant. 2ykBT is the noise 
intensity or noise strength. In this relation, the particle property which enters the 
characteristics of the noise is the friction coefficient y, which may thus be viewed as the 
coupling strength to the environment. 
In the analysis of the Brownian motion, the behaviour of a dynamical variable, such as x(t) 
or the velocity v(t) of a Brownian particle are considered. Therefore, one has to determine the 
average behaviour of such variable. Here the averaging is carried out over the distribution of 
the noise and can be implemented in two ways, but are equivalent: (a) averaging over an 
ensemble of many systems consisting of a Brownian particle in a surrounding fluid, (b) 
averaging over a number of Brownian particles in the same fluid. 
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Since the motion is random, the average displacement of Brownian particle is zero, the mean 
square displacement of particle [11] with initial position x = 0 at time t = 0 is 
2kJ.z' t f. t \ 
where T is relaxation time. For limiting case, / « r, 
kj 
(2.7) 
on the other hand, for t » T , 
(x^)= ^ ^•t = const, t (2.8b) 
For t«T, Brownian particle moves ballistically, i.e., proportional to t^. For t»T, rms 
displacement is proportional to 'f and the result obtained is same as Einstein's relation which 
relates diffusion coefficient and viscous drag coefficient D = k^T/y. The irreversible 
character of equation (2.8b) is self evident and it arises essentially from the viscosity of the 
medium. Also Einstein relation tells us that the ultimate source of the viscosity of the 
medium lies in the random, fluctuating forces arising from the incessant motion of the fluid 
molecules. 
Another approach for the description of dynamics of Brownian particle (stochastic process) is 
named as Fokker-Planck equation. The complete equation of motion of the dynamics of the 
motor is obtained by incorporating Fokker - Planck equation with master equation. The 
Fokker - Planck part describes the dynamics in continuous space, while master equation [2] 
accounts for the dynamics of transition between discrete (internal) states. In the lattice model 
of random walker, Klumpp et al make use the master equations to explain the random walks 
in the lattice sites. In the Fokker - Planck approach, one deals with a deterministic partial 
differential equation for a probability density. Consider P\r,v•.t\r^^,VQ) is the probability of 
finding the Brownian particle at position r and has velocity v at time 't' with initial position 
and velocity ro, VQ at time t = 0. Since the system is conserved, the continuity equation is as 
follows 
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^ + 5 t = o (2.9) 
dt dx 
where the current density, Jp, is 
dP F 
J,\x,t) = -D— + — P (2.10) 
dx Y 
The first term is diffusion current, which is caused by concentration gradient and the second 
term is the drift current, which is corresponds to externally applied force, F. The Fokker -
Planck approach, which deals with only real forces, cannot give complete dynamics of 
Brownian particle. Some virtual forces should be added to get an equation of motion more 
precisely which is extremely difficult. Anyhow the Brownian level modeling has served well 
in the description of generic principles involved in the mechanisms of the directed transport 
of molecular motors. 
The molecular motor operate (in viscous medium) away from equilibrium, dissipating energy 
continuously and making transition between steady states. It operates at energies only 
marginally above the thermal energy of surroundings and hence is subjected to large 
(considerable) fluctuation. Therefore the dynamics of molecular motors cannot understand by 
applying the equilibrium thermal and statistical theories and one has to apply theorems of 
nonequilibrium thermodynamics [12]. 
Most of the nonequilibrium statistical dynamics developed are applicable to near equilibrium 
system only. Since the motor protein encounter with large fluctuations, one must consider far 
away equilibrium system in which only few expressions are valid. One of these is the entropy 
production Fluctuation Theorem [12, 13] having a general form 
^ - e x p H (2.11) 
where, P{+O) is the probability of heat transfer from system to surrounding, P{-<7) is that 
from surrounding to system and cf is the entropy production rate (= Q/TT) measured over a 
trajectory of time. Many Fluctuation Theorems have been developed and differ by the details 
of the systems dynamics (stochastic vs. deterministic), nature of the thermostat, and initial 
conditions (equilibrium or nonequilibrium steady state). Evans and Searles established a 
Fluctuation Theorem for driven thermostated deterministic systems that are initially in 
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equilibrium, Galiavotti and Cohen Fluctuation Theorem (GCFT) for thermostated 
deterministic steady state systems and Kurchan modified GCFT for systems with stochastic 
dynamics. Another expression vahd far from equilibrium system is relation free energy 
differences AF and the amount of work (W) for a finite time [13, 14] and is by, 
{exp{-J3W)) ^ exp{-J3AF) (2.12) 
where,y5 = y, - ,^ T is the temperature of heat bath that is coupled to the systems, and the 
average <...> is taken over an infinite number of repeated nonequilibrium experiments. 
Chapter 3: Ratchet Models 
The Brownian particle subjected to time independent potential U(x) = -ax or U(x) = -ax + 
bx'* does not lead to any directed motion [9]. Therefore time varying potentials have been 
considered in the literature. The Langevin equation [3, 15, 16] for a Brownian particle under 
the influence of an external potential of strength V(x) is 
j^i + nrx = - r ( x ) + F , , , +^(0 (3.1) 
where F«( is external bias applied on the particle and ^(t) is the Gaussian white noise. Now 
consider a simple case, a small sphere in the viscous aqueous medium. The viscosity of water 
at room temperature is ?; = 10'^ 'Ns/rn . Therefore the typical value of hydrodynamic drag 
coefficient of a sphere of radius r = 2~10nm is kj^^^ = G^njr =10"'° Ns/m. The average 
velocity of a motor is v ~\jum . The Reynolds number, the ratio of inertial force to viscous 
force will have value in the range Re = 10' to 70" [17]. Therefore, the dynamics of a 
molecular motor can be considered as overdamped and we can neglect inertia effects. Also in 
the absence of an external bias, Fext = 0 Langevin dynamics with these conditions becomes 
TJX =-V'{x)+^{t) (3.2) 
A number of models have been proposed for Brownian motion in time dependent potentials. 
The extensively studied model 'Brownian ratchet' offers a plausible way to explain the 
functioning of molecular motors. The important theory behind Brownian ratchet theory is 
that molecular motors may generate force and directed motion by reflecting thermal 
fluctuations inherent to an anisotropic system and they operate in such a system where 
nonequilibrium regimes are valid. The chemical reaction (ATP hydrolysis) helps the system 
to drive far away from equilibrium. All the above conditions make the system to extract work 
from the thermal bath which converts random Brownian motion into directed motion. It 
seems to work like a Maxwell demon. 
Maxwell demon is a thought experiment proposed by James Clark Maxwell [18] describes 
how the violation of the second law occurs. The demon is trying to create more useful energy 
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from the system than there was originally available. Equivalently he was describing the 
randomness of the system (by directing the molecule in a particular direction) which is 
decreasing entropy. But a conventional Maxwell demon has never been found in nature. 
Maxwell demon can operate in equilibrium systems only while Brownian ratchets operate in 
far from equilibrium systems. To explain how a device extracts work from a thermal bath, 
Richard Feynman proposed "ratchet and pawl" mechanism. 
3.1: Feynman Ratchet and Pawl 
Richard Feynman [19] discussed the impossibility to violate the second law of 
thermodynamics by ratchet and pawl mechanism. The device consisting of a vane kept in a 
box of gas molecule at temperature Ti and a ratchet that rotates freely only in one direction 
while preventing motion in opposite direction by a pawl which is at temperature r?. The 
ratchet and vane is connected each other by a massless and frictionless axle. A simple ratchet 
and pawl device depicted as in figure (3.1). Consider the whole device at same temperature 
{Ti = T: = r, say). Since the device is very small, the bombardments of individual gas 
molecules on the vane can turn it resulting in the jiggling of vane. On the other end of axle, 
the ratchet can rotate only one direction because of pawl. Therefore, the net effect of many 
random collision leads to a continuous directed motion and this ratchet motion can lift a 
small load against gravity which tied with the axle. According to Carnot's statement of 
second law of thermodynamics, the above process will never occur because it is impossible 
for any device that operates on a cycle to receive heat from a single reservoir and produce a 
net amount of work. 
But if we just look at it, prima facie, the Brownian ratchet seems to extract useful work from 
Brownian motion. After completing one step forward, the pawl must return off the tooth to 
prevent the backward motion. For this there must be a spring in the pawl. The pawl returns to 
the teeth due to push by spring and the spring will bounce continuously. At this position, if 
another fluctuation came, the wheel could turn backward because there is no pawl to prevent 
its motion. Thus Feynman demonstrated that if whole device is at same temperature, then the 
ratchet move back and forth equally results in no net motion. 
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Figure (3.1): Feynman Ratchet and Pawl [17]. 
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But if the temperature of vane is Ti and temperature of ratchet is T2 and Ti is greater than r?, 
then the ratchet can move in one direction. Therefore a thermal gradient can drive the ratchet 
in a directed motion or they can perform work against a load. 
3.2: Ratchet Potential 
Feynman ratchet and pawl mechanism provides the necessary conditions to the particle that 
directed them in a preferred direction. Therefore, if a particle is exposed to an asymmetric 
and periodic potential and are correlated to fluctuation will leads to a directed motion. A 
general form [15, 16] of such a potential can be written as 
V{x) = V, sm 
2;rjc ' 
+ 0.25 sin (4^x\ 
V 
(3.3) 
which is depicted in figure (3.2). It is periodic with a period L, i.e., V{x + L) = V{x). 
A motor protein is an individual nanometer sized protein that connected to a bio-polymer like 
microtubule or actin filaments and it makes a directed motion in a noisy environment. Martin 
Bier [20] made a crude and simple model for a motor protein, that shows how ATP binding 
and ADP release imposes a fluctuations on the system. The effect of this fluctuation is the 
ratcheting of Brownian motion. Consider the microtubule track as an array of dipoles (as the 
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Figure (3.2): ratchet potential - spatially asymmetric and periodic potential [15, 16]. 
microtubule is hetero dimers formed by alpha-tubulin with a negative charge and beta-tubulin 
with a positive charge) and assume the motor protein is a positive point charge relative to 
bio-polymer track (figure 3.3). The motor protein is neutralized as the negatively charged 
ATP binds. This means that as ATP is being hydrolyzed the potential describing the 
interaction between the motor protein and the bio-polymer track flips between a flat potential 
and an anisotropic potential. When no ATP is bound, the motor protein is influenced by 
potential barrier and therefore the probability density for motor protein will be concentrated 
in the minima as a Dirac delta function. When ATP is bound, the potential becomes flat and 
the motor protein diffuses freely. 
t \ 
i \ / 
-2 \ 1 
-4 ^ i 
+z 
-z +r 'Z I +Z -z *z -z 
Figure (3.3): Microtubule biopolymer as an array of dipoles. The dipoles with monomers 
alpha and beta tubulin impose a ratchet potential to both ATP molecules and motor protein 
[20]. 
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Thus the interaction of the motor with molecular track is modeled in terms of an asymmetric 
periodic potential felt by the motor. In the Brownian ratchet model the motor protein 
considered as a point particle with an over damped equation of motion which exhibits 
directed motion when subject to thermal and athermal noise. The thermal noise is assumed to 
be Gaussian and satisfies a fluctuation -dissipation relation and athermal noise reflects the 
non equilibrium driving of motor through the irreversible hydrolysis of ATP. 
Many physical models are proposed to achieve the essential non-equilibrium condition for 
net directed motion in periodic system. Amongst are flashing ratchet, rocking ratchet, 
thermal ratchet, and inhomogeneous ratchet. 
3.3: Ratchet models 
3.3.1: Flashing Ratchets 
The flashing ratchet model [21, 22], the simplest one, introduced by Ajdari and Prost 
explains the directed motion of molecular motors. For simple case, the externally applied 
force on the particle assumed to be zero and also the periodic potential fluctuates between 
two states having different potential barrier. One state is Vg,, corresponding to an asymmetric 
sawtooth like potential operating for a time TQ,, and another state Fo^corresponds to zero (flat) 
potential for a time To//. These two states switched on and off with different rates. 
Once the potential is on, then the particle experiences a force towards the bottom of potential 
well and all particles move and get together at the minima. Thus the probability density of 
particle at the minimum is characterized by a Dirac delta function. When the potential is 
switched off (Vo/f), the particles undergo a free Brownian motion and diffuse freely and 
symmetrically. The delta function probability density changes into a Gaussian distribution 
centered at the minima and further spread with passage of time. When the anisotropic 
potential is turned on, some particles get trapped in the neighboring well at right side of 
original well. The reason is at the end of Xo/f the Gaussian probability distribution has a non-
vanishing tail overlapping with the adjacent well on the right side. Therefore, when the 
potential is just switched on, the particle within the non-vanishing tail of Gaussian profile 
will move forward by one period. This process is illustrated in the figure (3.4). The backward 
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motion is suppressed by both the time dependence and spatial asymmetry of the potential. 
Switching between diffusion (which spreads the particle symmetrically in the medium) and 
transport (which concentrates the particles at the specific sites) creates a nonequilibrium 
situation. 
Ratch^ poteniiai 
/ LoN 
L i 
Paiiicie disirihaUon 
/ 
OFF 
ON 
Figure (3.4): Flashing ratchet - switching on between ratchet potential (ON) and flat 
potential (OFF) leads to the directed motion [22]. 
If the switching off time (toff) is not enough to spread the Gaussian distribution of particles 
beyond the original well, then the particles will return to its original (initial) position and 
therefore no forward motion is possible. Two limiting cases of switching on-off time with 
respect to diffusion are possible. If the switching rate is very fast relative to the diffusion, 
then the particles do not have enough time to reach the minimum of ratchet potential when it 
exposed. Also when it exposed to flat potential they cannot move much in free Brownian 
motion. However because of asymmetry of ratchet potential the particles experience a small 
drift towards right resulting in a low speed transport. On the other hand if the switching time 
is slow relative to diffusion, the particles get enough time to reach local minimum due to 
exposure of ratchet potential. When exposed to a flat potential particles diffuse to large 
extent. In this case also due to asymmetry of ratchet potential particles experience a small 
drift to the right. 
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In the left part of each ratchet potential well, the particle experiences a rightward force where 
as in the right part of the same well it subjected to a leftward force. If the particle is exposed 
to this potential it will slide towards the nearest minima. Moreover the spatially averaged 
force experienced by the particles in each well of length 7' is zero [9]. Then we have 
{F) = - \ ] [ ~ y = U{0)-U{1) =0 (3.4) 
Even though if we apply an external force Fexi towards left, have a current or directed motion. 
The molecular motor carrying the cargo can be explained by the phenomenon of directed 
motion. Here the molecular motor doing work against the load and thermal fluctuation in the 
medium while moves along a biopolymer filamentous track. To explain this mechanism, a 
tilting force 'F is applied opposite to the direction of current in the ratchet. As the tilting 
force increases, the current J in the forward direction decreases and beyond a particular value 
called stopping force or stall force (the minimum force to stop the particle from a directed 
motion) the current crosses over to the negative direction. This is depicted in the figure (3.5). 
If Fexi is not too large, then the particles are pinned near the bottom of original well when the 
potential is 'on'. If the particle is not exposed to any potential, obviously, particle in the 
absence of noise would move to left with a velocity F,„ / / where y is coefficient of viscous 
drag. The probability distribution at this moment drifts towards left and spreads out like a 
Gaussian function. At the end of toff, the distribution [21] is given by 
exp 
p(0\x;tj=~ 
(x-t,.F,Jr} 
^Dt„ff 
p^ (3.5) 
In the Brownian ratchet model, applying a load F^, to particle is equivalent to producing a 
slope along the two states of potential. If the particle with load is exposed to the one of 
potential (ratchet potential or flat potential) in the absence of noise, in both case the particles 
are transported to the left as expected. But the switching between the on and off states 
randomly for a long time will result a forward motion. To illustrate this phenomenon 
Parrondo [22] proposed a gambling game theory so called Parrondo's paradox. The current to 
the left for the two different potential is referred as a losing game and current to forward 
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Figure (3.5): The ensemble averaged particle current in the long-time limit versus the force F. 
The particle current is positive until it touches zero when force equals the stall or stopping 
force [15, 16]. 
direction as a result of switching randomly between two losing game considered as a 
winning game. Parrondo's paradox describes that how the switching between two losing 
game leads to a winning strategy. 
3.3.2: Rocking Ratchet 
Unlike the flashing ratchet model in which the potential fluctuates between on and off states. 
Rocking ratchet [21, 22] corresponds to oscillating force, in this mechanism the oscillating 
force imply directed motion along the ratchet potential. The rocking or changing of slopes 
between the two equal and opposite forces ±F can be done either periodically or randomly in 
time and hence the average force is zero. When the force is +F, the potential energy 
decreases monotonically to the right and hence particle moves in the positive direction. When 
force is -F the potential energy decreases to the left but there remain local minima that trap 
particle in the well. A typical rocking ratchet with ±F is shown in the figure (3.6). 
Thus even without a thermal noise a slow oscillation of the force between ±F causes net flow 
to the right. If the average slope of the sawtooth potential changes abruptly (fast oscillation), 
it does not lead any directed motion because the particle do not have enough time to move a 
period L before the force reverses sign. With these condition the current for the force +F is 
not equal to the case when force is -F, i.e., 
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Figure (3.6): Rocking ratchet - The oscillating or pulsating forces causes the directed 
motion of particles [22]. 
J(\F\)^-J(-\F\) (3.6) 
Therefore, this inequality remains valid even for finite temperature. 
Here the negative form of ratchet potential is considered to get the positive directed motion. 
For positive ratchet potential we get negative directed motion. With such a potential, the 
particle is capable of running down the potential hill if force exposed is -i^and if the force is 
+F then particle do not have enough energy to overcome the barrier and get trapped in the 
minimum of the potential [21]. 
3.3.3: Temperature Ratchet 
Brownian motor dynamics can be studied in yet another model where temperature oscillation 
drives the motor protein. This has been named as temperature ratchet [3, 15]. This model is 
closely related to flashing (on - off) ratchet model. The directed motion of Brownian particle 
in a periodic but spatially asymmetric potential is obtained due to a periodically oscillating 
temperature of thermal environment and not because of the alteration between the potential 
states. In the absence of an external bias, the second law of thermodynamics implies that the 
thermal equilibrium stochastic dynamics cannot support the directed motion. This problem is 
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overcome by considering a model which is correlated by a nonequilibrium and unbiased 
(zero mean) disturbance. It is thus obtained by applying temporally varying temperature T(t) 
which is a periodic function in time. Then the fluctuation - dissipation relation in terms of 
the Gaussian white noise Q(t) with zero mean becomes, 
{^{t)^{s))=^27ikJ5{t-s) (3.7) 
with the temperature obeying T(t) = T(t + r), where T denotes the period of the temperature 
modulation. A typical periodic temperature modulation which has been frequently used in the 
literature as the following: 
T{() =T{\ + A sign[sm{2mlT)]] (3.8) 
where sign(x) denotes the signum function and |^| ( 1 • The variation of temperature causes 
jump oiT(t) between the limiting values T(t) = T(l+A) and T(t) = T(l-A) at every half period 
x/2. Due to the permanent changes of the temperature T(t), the system approaches a periodic 
long-time asymptotic which in general can only be handled numerically in terms of Floquet 
theory [3]. 
In case of static tilted ratchet model with a time-independent temperature T, it is obvious that 
particle will move in the negative direction on average, i.e., (x)(Ofor F < 0 for all 
temperature T. Now if we apply the temperature modulation as in expression (3.8) one expect 
that the particle will move in negative direction. However, the load curve (have the same 
nature of flashing ratchet load curve as shown in figure (3.5)) demonstrates that the particle 
will move in the opposite direction on average within an particular interval of negative F 
values. The forward directed motion of particle obtained as a result of performing work 
against the load (force, F). The only one and one source to perform this work is white 
thermal noise ^(t). 
During the first interval of time, say I €[%, r], the thermal energy keTft) attain the value 
kBT(l-A) which is much smaller than the potential barrier VV between two neighboring 
local minima of V(x). Then at the end of this time interval all particles will accumulated in 
the local minima and we get a peak in the probability density of particle which is 
characterized by a Dirac delta function. For next time interval, say? 6 [r,3^/1 j , the thermal 
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energy attain the maximum value ksTfl+A) much larger than the potential barrier VV. For 
this duration particle spreads out sj'mmetricaiiy due to free thermal diffusion. 
Cold 
Hot 
Cold 
Figure (3.7): Temperature ratchet - Brownian motor driven by temperature oscillations. 
Parallel line indicates the potential barrier. Temperature oscillates between T(}-A) state (cold 
state) and T(I+A) state (hot state) [3]. 
Finally T(t) jumps back to its original minimum value of T(l-A) for next half cycle and 
particle slide do\whill towards the closet local minima of V{x). Due to asymmetry of ratchet 
potential, i.e, the local minimum is closer to its adjacent maxima located to the right than left; 
a positive particle current (i) will arise (figure (3.7)). Yue Zhang & Chen [23] evaluated the 
average velocity v of Brownian particle by using Langevin simulation. The result reveals 
that the temperature modulation produces a directed transport of the particle in a ratchet 
mechanism. They also showed that the magnitude and direction of transport can be controlled 
by changing some parameters of the system. Also the numerical calculation demonstrates 
that temperature ratchet tends to resist carrying a current for slow and fast temperature 
modulation while showing a maximal current at moderate frequencies. 
inside the living ceils the molecular motors are able to travel along the biopolymer 
filamentous track by hydrolyzing ATP. The thermal fluctuation plays a significant role in the 
directed motion. The necessary ingredients of a thermal ratchet for directed motion is as 
follows. The ATP hydrolysis energy is quickly converted into a very irregular vibrational 
motion of the numerous fast (irrelevant) internal degrees of freedom of the molecular motor 
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giving rise to a locally increased apparent temperature. As this excess heat spreads out 
(diffuse away), the temperature decreases again. Hence ATP hydrolysis leads to the 
temperature modulation. 
3.3.4: Frictional Ratchet 
In this model, the motion of Brownian particles in inhomogeneous medium [22, 24, 25] is 
considered where it experiences the friction and temperature variations which are function of 
space coordinate. Incorporating fluctuating forces (noise) with Brownian particles in the 
inhomogeneous medium provides the necessary condition to get unidirectional motion. It is 
possible to get directed currents even in a symmetric potential in the absence of an applied 
external force. Unlike the other ratchets (flashing, thermal and rocking ratchets) where the 
unidirected motion arises due to the presence of asymmetric potential and homogeneous 
medium, the frictional ratchet gives the preferred current, even in the presence of spatially 
symmetric potential but in the inhomogeneous medium. The inversion symmetry of current 
in the system is being broken dynamically in the presence of space dependent diffusion 
coefficient D(x). The inhomogeneity could be structural, configurational, entropic, 
temperature non-uniformities, etc. Brownian motion in confined geometries shows space 
dependent friction. Particle diffusing close to surface have a space dependent friction 
coefficient. It is believed that molecular motors move close along the periodic structure of 
microtubules and therefore experience a position dependent mobility. The space dependence 
of diffusion coefficient could arise either due to space dependent temperature T(x) or space 
dependent friction coefficient y{x). Due to the position dependent temperature T(x), the 
diffusion coefficient have different values at different places and hence the system dissipates 
energy differently at different position. This implies the system to be out of equilibrium. The 
minimal condition to get directed motion is that the potential V(x) as well as temperature T(x) 
has to be periodic and should be separated by a phase difference other than 0 and n with 
respect to potential. 
Generally T(x) has a phase difference S with V(x) and this system gives a net unidirected 
transport as shown in figure (3.8). The darkened regions in V(x) indicate the higher 
temperature regions corresponding to the peaks of T(x). The particle in the darkened regions 
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gains more energy and it can cross the peak (potential barrier) of potential easily and go over 
the right side than to left side which results in a net unidirected motion due to T(x). 
Trmpen^ars coe^deni, T(s> 
Figure (3.8): Frictional ratchet (Inhomogeneous ratchet). The darkened region in the potential 
profile indicates the high temperature regions corresponding to the temperature profile [22]. 
The position dependent friction coefficient y{x) also implies the equivalent phenomenon. In 
the external parametric noise the particle in average absorbs (extracts) energy from the noise. 
In the regions of high friction coefficient, the particle spends long time and hence the energy 
absorption from the noise source is higher compared to the regions with low friction. Thus, 
the problem of particle motion in an inhomogeneous medium in the presence of an external 
noise and Y{X) becomes equivalent to the problem of a space dependent temperature as 
discussed in the preceding paragraph. 
3.4: A Random Walker on a ratchet 
The constructive role of noise in nonlinear dynamical systems like molecular motors exhibits 
the unidirected motion. The additional deterministic or stochastic force in equations of 
motion of particle drives the system far away from equilibrium. A ratchet model satisfies all 
these conditions to get the directed transport. Kinesin molecular motor with two heads is 
represented as two particles (say, x and y) coupled nonlinearly through a bistable potential 
[26, 27]. The two particles acted by two independent white noises ^!(t) and ^2(t) move along 
the ratchet potential and are subjected to a common external harmonic force. The Langevin 
equations of motion for two particles with mass 'w' in the overdamped regime are 
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mry = -d^,V{y)-d/i,{x-y) + mr42D^,{t)+FijSm{nt + (p) (3.9b) 
where V(x) is ratchet potential and Vb is the coupling bistable potential. The common 
harmonic force has three parameters: the amphtude force FD, the frequency Q and the initial 
phase ^. The expression for the ratchet potential is given by the equation (3.3) and the 
bistable potential is given by 
V,{x-y)=V„+V, {x-yy ^{x-yf 
I ' I ' 
(3.10) 
where Vb is the amplitude of the bistable potential and / is the distance between the two 
minimums. 
Incorporating the ratchet and bistable potentials we get a random walker model for two 
headed molecular motor. Figure (3.9) shows a random walker model with ratchet and 
bistable potential for the case / = 1. The bistable potential contains a coupling variable x -y. 
i.e., the distance between the two particles. It can be positive, negative and zero. When x-y 
is positive, then x particle is ahead of the y particle and when x - y Is negative, then the y 
particle is ahead of the x particle. If the distance between two particles is 7', then the two 
minima of bistable potential are located at x - y = I and x - y == -I. The transition between 
these two minima (stable states) corresponds to the alteration between particles. For the case 
X - y = 0, i.e. when the two particle coincides in space, the bistable potential has a local 
maximum which corresponds to an unstable configuration. But incorporating with ratchet 
potential, the local maximum at. x - y = 0 of the bistable potential becomes a stable 
configuration as shown in figure (3.9). Thus we have three stable states atx - j ^ = ± /, 0. The 
oscillation of coupled particle in the bistable potential between the minima causes the 
ordering of the particles and it describes how alternation of two heads occurs as the motor 
protein proceeds. 
Many models have been proposed for the linear coupling (harmonic spring) of the two 
particles and these cannot lead to alternate position. But nonlinear coupling (bistable 
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potential) provides two types of waiicing: (a) Hand over hand (alternating random walking) 
where the two particles exchange their order randomly when the walker moves through 
-0.01 
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Figure (3.9): Random walker model obtained by incorporating the ratchet potential (solid 
line) and bistable potential having two minima (dashed line). The sum of both potential 
(dotted line) gives rise to three minima [26]. 
through the ratchet, (b) Inchworm (rigid random walking) where two particles move on 
ratchet without exchanging their order. It is depending on the ratio between the ratchet and 
the bistable barriers. To get the directed motion, the particles have to be overcome the 
potential barriers acted upon them. If the particles overcome only the ratchet barrier, the 
walking will be rigid (inchworm) where as if it overcomes both barriers, the walking will be 
alternating (hand over hand). Another condition to be satisfied is that the equilibrium 
distance 7' between particles coincides with the periodicity of the ratchet potential. 
Maximum current obtained only when the equilibrium distance between two particles is a 
multiple of the periodicity of ratchet potential. Recent experiments showed that the hand-
over-hand type of walking is more likely [26]. 
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Chapter 4: 
Lattice Models and Random Walk 
In the previous chapter we discussed the ratchet models for the directed motion of motor 
proteins which exposed to spatially periodic and asymmetric ratchet potential. In these 
models the motor protein was considered as a Brownian particle. In the present chapter the 
random walk of molecular motors will be discussed. The motor performs directed movement 
along the filament and unbinds. On larger scales of time and length, the motor perform 
complex peculiar random walks [28, 29], which consists of alternating sequence of directed 
movement along the filaments and non-directed diffusion in the surrounding fluid after 
unbinding from the filament as shown schematically in figure (4.1). 
i. 
Figure (4.1): Random walk of molecular motor which carries cargo. It includes a biased 
random walk along the microtubule filament and a symmetric Brownian diffusion in the 
aqueous medium [28]. 
The motor under consideration is called possessive motors as it does not move along the 
filaments forever. It unbinds from filamentous track after a certain binding time (which 
corresponds to typical walking distance), because the binding energy is finite and can be 
overcome by thermal fluctuations. The unbinding may also have a biological function by 
allowing the motor to diffuse around obstacles on the filament. Detachment from the filament 
is allowed to occur with a small, but non-zero probability. After unbinding, the motor 
undergoes non-directed diffusive motion (simple Brownian motion) in the surrounding 
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aqueous solution until encounters the same or another filament to which it can rebind and 
continue its directed walk. 
The generic properties of motor movements can be studied by designing models. The 
peculiar random walks of molecular motor have been discussed by Ajdari [30] using the 
Scaling arguments. Recently Klumpp et al [4, 28, 31] introduced lattice models to describe 
the random walks of motors as random walks on a lattice, where certain lines of lattice sites 
represent the filament. These models can also be used to describe the specific motor 
molecules, since all model parameters can be determined from the measured transport 
properties. In order to determine the effective transport properties of these motor walks, 
several simple arrangements of filaments embedded in compartments of various geometries 
have been studied. If the motor particle density is sufficiently small or the system is 
sufficiently dilute, then the interaction between motor particles can be neglected and this is 
referred to motor walks of non-interacting motors. On the other hand, if the motor density is 
high, then the interaction between the motors comes into the picture. In such a situation, the 
mutual exclusion or hard-core repulsion between the particles is taken into account. 
4.1: Lattice models for motor walks 
The interplay of movements of bound and unbound motors have been studied using the 
lattice models [4, 32, 33] which incorporate the active movements of bound motors, the 
passive diffusion of unbound motors and the motor filament binding and unbinding 
dynamics. The random walks of the motor particle arising from many encounters with 
filaments can be mapped onto lattice random walk. In the simplest version of this model, the 
filament consists of a one dimensional line of binding site where the motor particle moves on 
a cubic lattice with a lattice constant 7'. For simplicity, the filament is taken to consist of one 
protofilament which corresponds to a one dimensional line of binding sites. The model can 
be extended to the real picture of the microtubule which includes several protofilaments by 
introducing additional parameters such as the probability to step from one protofilament to a 
neighboring one. The motor can adsorb onto a filament binding site from Had adjacent 
nonfilament sites with Had ^ 4 and 3 for a filament in solution and attached to a wall 
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respectively. The parameters of lattice models can be ciiosen in such a way that the lattice 
random walks exhibit the same diffusion coefficient Dub, walking time A/i, bound velocity v^ , 
and bound state diffusion coefficient Db as the real motors. These models are designed to 
study the generic properties of motor movements. This model also used to study the 
collective behaviour of many motor particles which interact in various ways. The random 
walks of single motor or of an ensemble of non-interacting motors are studied for the case of 
a single filament embedded in two dimensional or three dimensional lattices. 
For the simplest systems, one can study motor walks provided by single filaments in 
unbounded geometries or without confining walls. To obtain the analytical solutions of 
equation of motion (master equation) we use Fourier - Laplace transforms of the two- and 
three- dimensional lattice models. By using the Fourier - Laplace transform of the probability 
distributions, the master equations of the random walk can be transformed into a set of 
algebraic equations. Solving these algebraic equations, solution for the Fourier - Laplace 
transformed probability distribution and their moments are obtained. From these one can 
derive expression for the fraction of bound motors, the average displacement and dispersion 
and thus effective velocities and diffusion coefficients can be obtained. The analytical results 
are compared to data from Monte Carlo simulations done by Klumpp et al are found to be in 
very good agreement. Earlier the random walk has been discussed by Ajdari [30] using the 
scaling argument. The analytical solutions for random walks obtained by Klumpp et al [4, 
32] are in agreement with scaling argument results. 
4.2: Motor walks in two-dimensions 
Consider the motor movements as random walks on a square lattice (i.e., two-dimension) of 
lattice constant 7' as shown figure (4.2). A dark line on this lattice represents a filament. The 
lattice constant is taken to be the motor stepsize 7' which for many motors equal to the 
filament periodicity. A motor located at a filament site, performs a biased random walk and 
moves predominantly in one direction. The lattice sites are labeled by integer coordinates {n, 
m). At the non-filament sites the motor performs simple symmetric random walk and moves 
to each neighboring site with probability l/2d {d denotes the spatial dimension). For two-
dimensional random walk, particle has probability 1/4 to jump into any one of the four 
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directions. However on tiie line with m = 0 whicii corresponds to the filament, the motion is 
different. In a discrete time description, these motors move with a small probability £/2d to 
each of the adjacent non-filament sites and thus unbinds from the filament if the unbinding 
probability £ is small. That is, in two dimensions motor hopes to each of the adjacent non-
filament sites (i.e. from {n, 0) to (n. ±1)) with probability s/4. The particle jumps forward 
from (n, 0) to {ri+\, 0) with probability 1 -y - 6/2 - e/2 and backward from (n, 0) to («-l, 0) 
with probability d/2, where y is the probability to make no jump at all. The later parameter is 
needed for modeling the realistic situations, where the diffusion coefficient in the fluid is 
much larger than on the filament. The ordinary random walk in two dimension has y = 0, 3 = 
1/2 and £ = 1. For biased or directed random walk along the filament, the escape probability 
s is very small. The average speed of a motor particle on the filament line is v^  = 1 - y - S -
s/2. It is also has the probability e/2 to unbind per unit time. Then, the probability that the 
motor is still bound after 7'time steps is (\-e/2)' = exp(-£t/2). 
o o o o °v1,M° 
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Figure (4.2): Two dimensional lattice with coordinate {n, m). The black line represents a 
filament site and other lattice points represent non-filament sites [4]. 
As the initial distribution, take an ensemble of non-interacting particles dXn = m = 0. 
P.,.,.,i!=^)-S„,5„„ (4.1) 
The master equation for random walk on two dimensional square lattice [4, 33] with lattice 
site labeled by {n, m) is 
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P„J + ^) = ^P..u. + ^n->,,„ + ^^„,,„., + ^^„,„,-, (m^O,±l) 
P,Jt + ^) = \P.j + ^^,,-, + f l - r - f - f V „ - , . o + T^«.,,o + r^,,o 
•y 4 "+'•' 
^„,,(^  + l) = ^^„.,., + ^n- , , , + ^^„,2 + ^^„,0 
p 6 + 1) = _LP + - P + -P + -P 
(4.2a) 
(4.2b) 
(4.2c) 
(4.2d) 
The Fourier - Laplace transform of the probability distribution along the filament Pb(n,t) 
P„, o(t) and of the full distribution Pn.m(t) are defined as 
en ^ irn 
n{r,s) - X X -j-^;^P„At) (4.3a) 
,=0 «=-« (] + s) 
and 
00 00 /^m + irn 
P{q,r,s) . X Z 7—wr^.o(0 (4-3b) 
(=0 
Using definition (4.3a) and (4.3b) In master equation (4.2), explicit solufion for distribution 
for the motors bound to the filament after Integration and some simplification Is given by 
A(^^) - ^ ^ (4.4) 
where cosh// = 2 + 25-cosr. A similar expression for Pfigr, r, 5J can be obtained. The Fourier 
- Laplace transformed distribution of the unbound motors is defined as 
PAq,r,s)= P{q,r,s)-P,{r,s) (4.5) 
4.2.1: Properties of Bound Motors 
The transport properties of the motor's random walk can be extracted from the expression 
(4.4). From the zeroth, first, and second moments of the bound motor probability, the fraction 
of bound motors (survival fracfion), average position, and positional variance, respectively, 
can be calculated. 
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1. Fraction of bound motors 
Nf^{t) = ^-PnolO 's h^e probability that the motor particle is bound to the filament line with 
n 
m = 0. First Laplace transform of No(t) atr = 0, No(s), is calculated and then inverse of No(s) 
gives the exact expression for Nfl(t) as 
fl/2 
iy( '' ' 
The dependence of'No with time / for three different values of the detached rate £ is shown in 
figure (4.3) along with the simulation results. Comparison shows a good agreement between 
the two results. The procedure similar to that used in equation (4.6) is employed for small 
time t to get 
N,{^)^\-l^ + sh (4.7) 
This is a power series of e/?. But for very small time, t « 1/E , the recurrent behaviour of the 
random walk brings the motors mostly back to the filament with half integer power in V' due 
to diffusion. For this time the motors do not have enough time to escape from the line and the 
random walk exhibits discrete steps. At this small time limit the walk on the line becomes a 
continuous time random walk. For small (1- y), a continuous time random walk with 
exponential waiting time distribution is obtained, which is the case for realistic application of 
our model to molecular motor step. After the detachment, the motor particle stays close to the 
filament until times t ~ 1/E'. But for large times, i.e., / » 1/E', the survival fraction decays to 
zero as 
A^o(0-^fl-7^1 (4.8) 
The t''''' decay indicates that finally all motors unbind from filament and these results are in 
good agreement with scaling arguments. 
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Figure (4.3): Fraction of motors bound to the filament, A^o, as a function of time t. The three 
curves corresponds to s = 0.03 (circles), £ = 0.05 (squares) and e = 0.08 (diamonds). The 
lines obtained from the MC simulation data [4]. 
2. Average position and speed on the filament 
From the first moment of probability distribution P„o for the motors on the filaments is given 
by 
A^.(0-S<o(0 (4.9) 
For small fimes this implies, 
N,it).v,t 8gVF 3 VT (4.10) 
The average position «^  of the motors bound to the filament and the average speed v^  is 
given by 
' 2e4t^ 
3 V ^ 
, _ dh, 
and V, = — - » V, 
* dt ' 
s4t 
\ 
(4.11) 
where Vb is the average speed if the particle did not leave the filament. For large time 7', the 
first moment becomes 
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f (4.12) 
and hence the average position and speed of the bound motors behaves as 
7 ^ 
V £-\lM 
and v,{th^ = ^N,{th (4.13) 
The complete time evolution of the average position ri,^ is shown in figure (4.4). The 
effective motor velocity is reduced by a factor ~ A^o(0' '•^•' ^y ^^^ probability that a motor 
is in the bound state. This relation confirms the scaling v^(/) ~ v^ A „^(?) resulting from the 
scaling arguments. Results obtained for average position «^  of the bound motor are in the 
good agreement with the simulation data as shown in figure (4.4). For large time, it behaves 
as ~ Vt and the same time dependence applies to the average position of all motors. 
Figure (4.4): Average position «^  .of motors bound to the filament as a function of time /. 
The circles represent the MC simulation data and curve represents the analytical results [28, 
32]. 
3. Diffusion coefficient on the filament line 
The second moment of the probability distribution P„o for the bound motor is 
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The closed expression for Njit) is obtained from the expression (4.4) to second order in 'r' 
and for small e. Using the first and second moment of probabilities, dispersion (positional 
variance) A«^  can be measured as, 
2 NAt) NHt) -J —2 
where nl is the normalized second moment defined as NjitjlNQyt) and nj~ is square of 
average position of bound motors. The dependence of l^nl with time is shown in figure 
(4.5). The effective diffusion coefficient Df, of the bound motors parallel to the filament is 
defined as the slope of the dispersion as in figure (4.5). 
For short time, the time dependent diffusion coefficient is given by 
D.(,)aM.i(,_,) > 4,V" (4.6) 
2 at 2 6v^ s' 
In the scaling regime t ~ ijs^ , the diffusion coefficient Db(t) is much larger than the limiting 
value (l -y)ll for e = 0. The enhanced diffusion is due to the fact that the motor may detach 
from the filament and hence the broadening of the bound motor distribution. For large t, Db(t) 
becomes 
DM" 2e' 
(4.17) 
Note that the limiting value of the diffusion coefficient, Df^{co)~vl/is^ , is quite large 
compared to the diffusion coefficient -0^(0) « {\-/)/2 of the one-dimensional random walk 
along the filament. This also leads to a considerable broadening of the bound motor 
distribution. The broadening occurs since the unbound motors lag behind the bound ones. 
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Figure (4.5): Dispersion of bound motors parallel to the filament as a function of time t. The 
MC simulation data for J = 2 (circles) and d = S (diamonds) shows good agreement with the 
analytical results [4]. 
4. Density profile on the filament 
At large times, Nj /Ng ~ {N^ jN^f, which indicates that the probability distribution attains 
a scaling form. The probability distribution on the filament can be evaluated analytically for 
large n and t with help of Fourier transform leads to 
^.o(0 £n 2yJ7r^{vj - n) 3/2 exp 
s'n' 
4v,{v,t-n) (4.18) 
The Pn.o(t) decays linearly as ~ « for small 'n' and even exponentially fast as '« ' approaches 
Vb,t which shows that, for large t, all motors unbind before the motors reach the position n = 
Vht. 
4.2.2: Properties of Unbound Motors 
For large times molecular motor performs peculiar random walk which consists of alternating 
sequence of bound and unbound motor states. Since the binding energy is small and finite, 
the motor particles get detached after a "walking distance" and therefore perform a simple 
Brownian motion (diffusion) in surrounding medium. As discussed in preceding section, the 
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probability distribution of bound motors Pb(r, s) and its moments gives the transport 
properties of motor on the filament, similarly the probability distribution of unbound motors 
Pub(q, r, s) gives its corresponding properties. The Fourier- Laplace transformed distribution 
of bound and unbound motors gives the total probability distribution P(q, r, s) as 
P{q,r,s)= P,{r,s) + Pjq,r,s) (4.19) 
The probability distribution of the unbound motor, Pub(q, r, s) for small g, r, and .s taking into 
account that r ~ s and q~ ys behaves as 
P.M,r,s) = -t ^'^'. ^ . (4.20) 
The d^ (a = 0, 1,2) moments for the distribution of the unbound motors using equation 
(4.20) can be calculated as 
A^r-IZ«X.(^) (4-21) 
For r = ^ = 0, the zeroth moment gives total fraction of unbound motor, Nl''{t)=\ -N^\t\ 
where No(t) is the fraction of bound motor, shows the motor conservation. The first moment 
7V,(/')=^^ «/"„„, determines the average longitudinal position and velocity of unbound 
motor fi^^i^ =NI'''/NQ' and v^^^=dn^^Jdt respectively. For small t, the average velocity of 
unbound motors parallel to the filament has the following form, 
2 
v . « -
and for longer times, it is 
(. 3 _\ 
V 
—e^M 
8 
(4.22) 
v„*(0«^V (4.23) 
Each individual motor has, on average, zero velocity. The velocity v,,^  is non-zero, because 
the cioud of unbound motors moves via repeated interaction with the filament. The cloud of 
unbound motors advances, because motors rebinds to the filament and others detach from it, 
and those detaching have propagated a certain distance compared to the rebinding. The 
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average velocity v(/) of motors is related to the average velocity of bound and unbound 
motors as 
v(t) = v,N, + v„N: (4.24) 
In the limit of large times all motors are detached from the filament, the v(/) is dominated by 
the unbound motor velocity term A^ Q^ V^ ,, . Thus the effective, time-dependent, velocity at 
larger times becomes asymptotically equal to Vi^N^it) as predicted by scaling arguments. 
The second moment Nf = 'Y^^n^ P„ „, provides the dispersion of unbound motors and thus 
diffusion coefficient. The diffusion coefficient parallel to the filament is referred as 
longitudinal diffusion coefficient (Z)//). For small times it behaves as ~ / and for large times it 
becomes 
A , » ^ ^ (4.25) 
TtS' 
The limiting value of the Z)// is {vjs) equivalent to that of bound to the filament. This 
indicates that the longitudinal diffusion is strongly enhanced by the unbinding from and 
binding back to the line. For motor displacement perpendicular to the filament, the dispersion 
has contribution only from m' , since the average transverse position m vanishes. Therefore 
transverse diffusion coefficient becomes 
D,{t) = Lj^{Am^{t)) (4.26) 
At short times it behaves as - Vt and at large time it becomes 
DAt)= ^-[^-NM = i < ( 0 (4.27) 
Thus the perpendicular diffusion is initially suppressed but the corresponding diffusion 
coefficient eventually attains its unperturbed value (free space value) D^{oo) = 1/4 
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4.3: Motor walks in three-dimensions 
In order to get more realistic picture, consider tiie motor particle as a random walker on a 
(three dimensional) cubic lattice as shown in figure (4.6). The lattice sites with integer 
coordinates (n, mi = m2 = 0) represents the filament along which motor performs directed 
motion. 
Q'..,..^,....Q....,^.....0 . $ ^ . 1 . 0 . . . . . . ^ 
o o o o o o o o 
A "^ o o ^^o o .-^ o o o o 
•^ ^ m'' •'*TJ^^f*'* • • • — : * ^ 
" .C' O O ^ r ^ 0 0 0 ,0'' 
o o o o o o o o 
Figure (4.6): Three dimensional lattice with coordinate («, m\, mi). The black line represents 
a filament site and other lattice points represent non-filament sites [4]. 
At non-filament sites, the motor performs a symmetric random walk and hopes to all 
neighboring sites with probability equal to 1/6. Along the filament, motor performs a biased 
random walk and jumps to each of adjacent non-filament site with a probability E/6 and 
unbinds from the filament. The jump probabilities to make backward step, no step and a 
forward step are equal to 6/2, y, and 1 -y - d/2 - le/S respectively. For short time the bound 
motor moves with average velocity Vb= 1 - y ~ S ~ 2e/3. The probability that motor is still 
bound after 7' steps is exp(-2et /3). With help of above mentioned parameters, the master 
equation of random walker in a cubic lattice [4] reads 
^,,.,(^ + 1) = 7^,,.,.,,, + 7^„-,,„, + i Z ^ . , , , . . {m*^,p) (4.28a) 
6 6 6 p 
«^,o(^  + l) = ~llP„.,^[^-y-\^-\sV,,+Up„,,,+YP„, (4.28b) 
6 . V 3 2 2 
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(4.28c) 
4.3.1: Properties of bound and unbound motors 
The analytical results for the master equation for random walker in cubic lattice can be 
obtained using the same methods followed in the random walker in square lattice as 
discussed in the previous section. The solution of those explicit expressions, the Fourier -
Laplace transforms of probability distribution, provides the transport properties of peculiar 
random walks. The probability distributions of bound motors Pt, and its moments give rise 
the properties of motor bound to the filament line such as average position, survival fraction, 
average velocity, diffusion coefficient, etc. Similarly the probability distribution of unbound 
motor. Put,, and its moments provides their properties. No(t) is the fraction of motors bound to 
the filament. At large times, A^o(/)=3/(2 ;r^/')behaves as ~ f' and in good agreement with 
the scaling arguments. Since the total number of motors conserved, the fraction of unbound 
motors is NQ''[t)= \-NQ\t). The time evolution of this survival fraction is shown in the 
figure (4.7). 
N. 
t 
Figure (4.7): Survival fraction of motors bound to the filament, NQ, as a function of time t for 
three dimensional lattice models for 8 = 0.03 (circles) and s = 0.05 (diamonds) [4]. 
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First moment of probability distribution of bound motors Pb, Ni(t), leads to the average 
position and velocity of bound motors, at large times. 
In —+ x,. 
V ^0 / 
(4.29) 
and 
v,(0 « ^ = 2Ar„(0v, 
n s 
(4.30) 
respectively. For small time «^(/) = v .^/ and average velocity Vh = I - y - 6 - 2S/3. At large 
times, the average position grows logarithmically as shown in figure (4.8). 
n. 
Figure (4.8): Average displacement as a function of time '/' for two values of £ [4]. 
For unbound motors, the first moment of probability distribution Pubft) is N"'' and then 
average position at large 'f is 
^J<h'"' 
ITTS 
\n — + r, 
V ^0 ) 
(4.31 
which is just half of the average position of bound motor. The average position of both bound 
and unbound motors behaves as «(/) ~ In/ confirms the predictions of scaling arguments. 
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For bound motors, the second moment leads to the longitudinal dispersion and thus the 
longitudinal diffusion coefficient for large time is 
D A , ) - ' - "• 
6 iTr's't 
, t (4.32) 
where r„ = 3/16 and ys is Euler constant. The leading term is given by the usual diffusion in 
the unbound state. The magnitude of the logarithmic correction is large and it is in order of 
{vJeY. This logarithmic growth of diffusion of motors parallel to the filament is shown in 
figure (4.5). After detaching from the filament the motor diffuses in longitudinal and 
transverse direction with respect to the filament. For large times, the transverse diffusion 
coefficient is given by 
D, --,--7^ = \[\-^M (4-33) 
6 Anet 6 
and it attains the limiting value 1/6 which is the diffusion coefficient of the motor in the 
absence of the filament. The longitudinal diffusion (parallel to the filament) is 
D,..U '< 
" 6 An'sh 
^0 
(4.34) 
The first term 1/6 corresponds to usual diffusion in the unbound state and the second term is 
the correction to the free diffusion coefficient which grows logarithmically. This correction 
term is just half to the correction term of bound diffusion coefficient. 
4.4: Random Walk in Different compartments 
The motor particles perform peculiar random walks to get unidirected motion. Consider a 
system with number of non-interacting motor particles and trace out the walk of one of these 
particles. It is very clear that the relative contributions of directed and diffusive motion to 
such a motor walk will depend on the number and arrangement of filaments and on the 
confinement of the over all motion by additional surfaces [5, 29]. Within the cell which 
contains many filaments and membranes, the diffusive motion of the unbound motor particle 
is strongly restricted by the close proximity of these intracellular structures. Thus as the 
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motor particle unbinds from a filament in vivo, it will often stay close to its detachment point 
and its directed movement will be interpreted by periods in which the motor appears to rest. 
In order to determine the effective transport properties, we consider several simple 
arrangements of filaments embedded in compartment of various geometries. In general we 
have various compartments with one filament attached to the confining walls: (1) half space, 
(2) slab, (3) open tube and (4) closed tube as shown in figure (4.9). 
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Figure (4.9): Open and closed compartments with one filament (black rod) attached to the 
confining walls: (a) half space, (b) slab, (c) open tube, and (d) closed tube [5]. 
First three compartments are open at least one spatial direction. For motility assays one 
typically has filaments which are immobilized on the surface of open compartments as in 
figure (4.9: a, b, c). In the case of motor which completely confined in the closed tube figure 
(4.9d), after unbinding from the filament the motor particle will diffuse in the surrounding 
medium and may then make large excursions away from the filament. However, for all three 
geometries mentioned, the motor particle will always return to the filament eventually. This 
is a generic property of motor walks which holds even in the infinite volume limit provided 
the length of the filament grown with linear dimensions of the system. 
In open compartments the motor advances parallel to the filament and its corresponding 
average velocity of a single motor decreases with time as shown in figure (4.10). The 
filament in a half space geometry as in fig (4.9a) has coordinates {x,y = 0,z = 0). In this 
compartment, the motor perform random walk and it unbinds from the filament after a 
walking distance. The unbound motor then diffuses to the half space z > 0 m front of the 
surface. The velocity of bound motor is v* up to time A?^  (corresponds to walking distance. 
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Ax )^. For long times, the motor velocity v decays as ~l/l and hence the advancement of 
motor is so slow that it will be difficult to measure. In case of an immobilized filament within 
the slabs as in figure (4.9b), for short time, motor exhibits same time evolution as in the half 
space. After unbinding from the filament, the motor is likely to diffuse in space and diffuse 
back to the filament after being reflected from the second surface which has a separation L 
[iLf 
from the first one. This happens after the diffusion time, M^ = 
2D 
. The intermediate time 
uh 
regime is characterized by diffusive excursions which are small compared to the thickness of 
the slab. For large times, t )) A/'j^ , the average velocity decreases as f'^^ and the advancement 
of motor should be measurable if one track it. For a single motor placed in an open tube 
which resembles an axonal transport, the velocity initially decreases as in other geometries 
until the motor is confined by the walls of the tube kept at a radial distance. For large times, 
/ )) A j^^ , the velocity is reduced by a constant factor which depends on the radius of the tube. 
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Figure (4.10): Time evolution of average motor velocity parallel to the filament in the half 
space (circles), slab (diamonds) and tube geometry (crosses) [29]. 
4.4.1: Tube like compartment 
Above we discussed the single motor properties by considering the motor walks of non-
interacting motor particles with out any boundary conditions. Such types of walks are 
observed only if the particles concentration is sufficiently small and the system is sufficiently 
dilute. Now we discuss the interacting motor particles in a tubular geometry which resembles 
an axonal transport in a neuron. The axon possesses number of filaments arranged parallel to 
the axis along which the motor particles like kinesin, dynein moves. For the simplicity of 
discussion, only one filament and a single motor species are considered. It exhibits a whole 
variety of different cooperative phenomena, as found by Lipowsky et al [5, 29] from their 
simulation techniques, for different boundary conditions at the tube ends. Here we confined 
our discussions to three cases: (1) open tubes with periodic boundary conditions, (2) tubular 
compartments with closed orifices, and (3) cylindrical tubes coupled to motor particles 
reservoirs at the orifices. 
(A) Open tube with periodic boundaries 
An open tube with periodic boundary condition refers the simplest situation which can be 
solved exactly [29]. In this case the motor particle makes a forward step at the filament and 
re-enter the tubular compartment from the minus end. This system is transitionally invariant 
parallel to the filament because of constant density profiles for both the bound and unbound 
motors in the stationary state. The density of the unbound motors is constant in the 
longitudinal direction, so there is no current of the unbound motors parallel to the filament. 
Further no radial current is expected in the stationary state. Indeed, a non-zero radial current 
in a state which is transitionally invariant in the longitudinal direction would lead to net 
radial transport of motor particle, which is not consistent with the reflecting radial 
boundaries. This indicates there is a bound current on the filament, but both currents of 
motors binding to and unbinding from the filament and radial currents of unbound motors are 
balanced locally. This translational symmetry of the system leads to detailed balance in the 
radial direction. As a consequence one can analytically calculate the densities and currents of 
the bound and unbound motors in the study state. The steady state current of motor through 
the tube due to average velocity Vb of bound motor is given by 
J-J,=v,p,{\-P,) (4.35) 
and the value of bound density pb is determined by the total number of motor particles in the 
tube. If number motors within the tube is increased beyond an optimum number (where pi, = 
1/2 and J = Vb/4), the current through the tube decreases due to jamming of the motors [29, 
31], 
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Figure (4.11): Tubular compartment with periodic boundary conditions. Those motor 
particles which make a forward step at the plus end re-enter the system from the minus end 
[29]. 
(B) Closed tube 
We discuss the motion of motors in a tubular compartment, containing a simple filament with 
closed orifices as shown in figure (4.9d). Both the tube and filament have the same 
longitudinal length. Due to closed ends of the tube, the motor cannot move backwards at the 
minus end nor forwards at the plus end of the filament. After covering the walking distance, 
in average, the motor unbinds and perform simple Brownian motion. Since the filament 
attracts the motor, it becomes overcrowded and "jammed" even for small motor 
concentration. Then one has to consider the hard-core repulsion or mutual exclusion of 
motors. When bound to a lattice site of the filament the motor particles have same hopping 
probabilities as for the motor walks, but these can only complete their hopping attempts if the 
new lattice sites are not yet occupied. 
With time, this jam will spread from the plus end towards the minus. This jam is not 
completely static. It may vary, however, since the bound motors can detach from the filament 
with a finite probability e. As the motor unbinds, a space created for the filament for some 
forward step with in the jammed region. In the stationary state, the motors accumulate in 
front of the plus end and the diffusive current of the unbound motors to the end balances the 
current along the filament. In addition, the jam acts as a source of unbound motor particles, 
and the density of these unbound particles becomes non uniform. A higher density of 
unbound motor particle developed close to plus end and a lower density at minus end. This 
concentration gradient, Vp^i,, of the unbound motor concentration p^b induces a diffusive 
current J^^, =-/)„,,V/?,,/^ to the left which balances the current along the filament in the 
stationary states. 
53 
Lipowsky et al [5, 29] has considered a tubular compartment of length L = 200 I and radius R 
= 25 I with a total number of 200 x 1940 lattice sites and calculated motor density pb as a 
function of 'x' on the filament. For small motor concentration, for e.g. N = 40, the filament 
provides many unoccupied binding sites and therefore the unbound can diffuse back only 
over a certain distance before it is recaptured by the filament. Then for A^  = 40, the bound 
density distribution shows a rather short jam close to the plus end and decay rapidly as one 
moves away from the plus end to minus as shown in figure (4.12). Further increasing the 
number of motors within the tube, the jam spreads towards the minus end until the filament is 
uniformly covered by motors and becomes crowded. For large N, say A^  = 250, the whole 
filament is overcrowded or jammed and each unbound motors has to undergo many collision 
with the filament before it can reattach to it. For this case the density pb is almost equal to 
maximum value, pb =\ as shown in figure (4.12). 
The average current motors grows linearly with iV for small concentration, while, for large N 
the current decreases again since the average velocity of each bound motor is strongly 
reduced by the overcrowding of the filament. For a tube volume, ;rR'L = 3.9x10' t, with an 
intermediate motor concentration, A^  = 150, the bound current J/, reaches the maximum value. 
Using the repeat distance / = 8nm for microtubules, this motor particle number corresponds 
to a kinesin concentration of v2fiM. 
The bound motor density pb(x) provides the current for bound motors which vary with the 
filament coordinate x. It is given by 
JA^) = V,P,{XI^-p,{x))-D,^p,{x) (4.36) 
ox 
where Dh is the coefficient of bound state diffusion. However, the contribution from bound 
state diffusion is relatively small and we get 
•^ /,W = v,p,(x)(l-A,(x)) (4.37) 
Jh(x) has a maximum value for the density distribution pb(x) = 1/2 and is small both in the 
jammed and 'free' part of the filament. In the steady state, the current Jb(x) of the bound 
motor is balanced by the current J„ifxj of the unbound motors. The overall transport along 
the filament can be characterized by the average current 
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{j,)^\dxjXx)lL (4.38) 
which has again a maximum if plotted as a function of motor particle density. 
1 
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Figure (4.12): Closed tube - Bound density as a function of the coordinate 'x' parallel to the 
filament in units of/. The three curves correspond to different values of the total number A'of 
motors [5, 28]. 
(C) Open tube with reservoir at both ends 
Next we discuss the dynamics of motors in a tube is coupled to motor reservoirs at its 
orifices. The motor traffic exhibits boundary induced phase transitions. In limiting case, 
number of lattice line parallel to the filament Nch = 0 and £• = o system becomes equivalent to 
the one-dimensional asymmetric simple exclusion process (ASEP), for which the phase 
diagram is known exactly [10]. At orifices, the tube is coupled to a motor particle reservoir 
which imposes the bound density yC^  „, in the minus end of the filament and the unbound 
density p^^f, „, at all other locations across the orifices. Similarly at the plus orifices the tube is 
coupled to motor particle reservoir which imposes the bound density p,^ ^,^_ at the plus end of 
the filament and the unbound density /7„^  ,^. at all other locations across the orifices. This is 
shown in figure (4.13), and along the filament motor particle perform random walk. 
This system can exhibit three different phases - a low density (LD) phase, a high density 
(HD) phase, and a maximal current {hdXQ phase - as shown in figure (4.14). This phase 
diagram strongly depends on the relative length of filament and tube. For simplicity, same 
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length for both filament and tube has been considered by Lipowsky et al [29]. The phases are 
distinguished by the 'bottleneck' which determines the motor current through the tube. The 
position of 'bottleneck' can be the left boundary, right boundary and interior of tube 
corresponding to the low-density, high-density, and maximal current phase respectively. 
Changing the motor densities in the reservoirs at the boundaries leads to a change in the 
'bottleneck' position and a phase transition occurs between the two phases. The phase 
transition between the LD and HD phases are discontinuous while the transition towards the 
maximal current (i.e. LD - MXC and HD - A4XC) is continuous. 
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Figure (4.13): Tubular compartments with two orifices coupled to two motor particle 
reservoirs. The immobilized filament (black rod) has the same length to that of tube 
geometry [29]. 
Figure (4.14): phase diagram for the motor traffic through an open tube which is coupled to 
motor reservoirs at its orifices [28, 29]. 
If the density yc^  „, at the left boundary is small and satisfies p,„ ( j / and if the density at 
the right boundary is not too large, then the system is in the low density phase. Thus with in 
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LD phase, the bound motor density is independent of 'x" and satisfies p,,(x) = Pf,{LD) with 
PhilD) { yL . For a system in HD phase, the density p,, „ is large and satisfies p^ „. ) j / 
and within HD phase p^{x) is given by Ph{x) = p^{HD) with Pi^HD)) j / . The maximal 
current phase is characterized by P/,(x)=l/2. For p^ „ ( K ^ discontinuous phase transition 
takes place. 
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Chapter 5: Cooperative transport by 
Molecular motors 
A single, small sized nano-machine (molecular motor) generates a small force which is of the 
order of a few piconewtons (W'''N) and moves a distance of one micrometer in the viscous 
environment of cytoplasm. The motion of molecular motor is easily perturbed by thermal 
collision with the surrounding molecules and thus it unbinds from the track from time to 
time. For a conventional kinesin motor, average run length is of about one micrometer. 
However, a cargo must move distances of tens of micrometer and in some extremely large 
cells like neurons it is in order of meter. A single motor molecule generates a few 
piconewton forces and which is small compared to the force exerted by a cargo. In addition, 
some experiments show the bidirectional transport of a cargo by motors. 
To obtain the large forces to pull the cargo, large run length and bidirectional transport, the 
cooperative action [34, 35] of several motors have been studied. Within the cells, the 
transport is accomplished by the cooperation of several motors rather than by a single motor 
as observed by electron microscopy and by force measurements and the analysis of cargo 
trajectories in vivo. In the cooperative mechanism, several molecular motors participate in 
pulling cargo. Run length is strongly increased because the cargo continues to move along 
the filament unless all motors unbind simultaneously. Klumpp et al [6, 34, 36] consider N 
total number of non-interacting motors attached to the cargo. They also assume that the cargo 
is binding with one species of motor and directed to forward direction (plus end). Because of 
the stochastic unbinding, the number '«' of motor molecules that are bound to the filament 
can vary between n = 0 and n = N as displayed in figure (5.1). The state of the cargo is 
described by the number n. In the simplest case, the motors bind to and unbind from the 
filament in a fashion independent of each other. 
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Figure (5.1): A cargo is pulled by four molecular motors along a cytoskeletal filament. These 
motors bind to the filament and unbind from in a stochastic manner [36]. 
Cooperative transport properties can be understood using the single particle transport 
properties. A single motor can bind to the filament with the binding rate no, walk along it 
with the forward velocity v/r, and unbind from it with rate EQ- If the cargo is pulled against an 
opposing force, F, its movement is slowed down. In addition, the opposing force also 
increases the motor tendency to unbind from the filament. The unbinding rate increases 
exponentially with the force as 
S{F)=S,XXAF 
'F. (5.i; 
'U 
where Fj is the detachment force. The velocity of motor also decreases linearly with Fas 
v[F) = v,\\-F. 
'F 
where F, is the stall force and reversed with a backward velocity vg as 
(5.2) 
(^^ ) = -vJl-^/ F, (5.3) 
The parameter values for a conventional two-headed kinesin motor as measured in single 
molecule experiment given in table (5.1). 
For a cargo pulled by several motors, the velocities and unbinding rates in the different 
binding states are given by. 
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Parameter Symbol Value for kinesin motor 
Forward velocity 
Backward velocity 
Binding rate 
Unbinding rate 
Stall force 
Detachment force 
V/r 
Fd 
1 |J.m/s 
6 nm/s 
5/s 
1/s 
6pN 
3pN 
Table (5.1): The parameter values for a conventional two-headed kinesin motor [3, 37]. 
v., = V I - ^, 
nF. and £•„ = ns^ exp -y^ 
F/ (5.4) 
where F/n is the force experienced by each bound motors because the force F is shared 
among the n bound motors. In this case the velocity now depends on the number of bound 
motors and it changes every time a motor unbinds or an additional motor binds to the 
filament. For a single motor, effective velocity of cargo decreases linearly with opposing 
force F. The opposing force imposed by an optical laser trap or other force fields that can be 
directly controlled in vitro. As the opposing force is shared by bound motors, it induces a 
coupling between motors. The unbinding of motors increases with force and thus the 
unbinding rate for the remaining bound motors which leads to cascades of unbinding events. 
Therefore, the force-velocity relation for several motors shows a non-linear and a complex 
behaviour. Figure (5.2) shows the velocity-force relation for A'^  motors. 
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Figure (5.2): Force-velocity relation for cargo transported cooperatively by A^  motors against 
an opposing force F. The graph shows curves for N = 1, 2, 3, 5, & 10 (from left to right) [6]. 
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If the motor do not interfere with each other, the average number n of bound motors is found 
to behave as n-^/ for large A^  with the desorption coefficient, K = sjn. Further, if the 
bound motor velocity of cargo is v^  for all bound states and a cargo with A^  non-interfering 
motor molecules is characterized by the average run length 
sN 
(5.5) 
for strongly bound motors with small K (£"O/;T(,) (( 1 where EQ is unbinding rate of a single 
motor. Thus the run length increases exponentially with increasing number of motors. If the 
cargo is pulled by up to A^  kinesin motors, the walking distance is estimated to be 5' ' /N 
micrometers, which implies that seven or eight kinesin molecules are sufficient to attain an 
average walking distance in centimeter range. 
5.1: Bidirectional transport 
Recent experiments [34, 37] reveal that some cargo particles bind different types of motors 
simultaneously so that these particles can reverse their direction of motion along 
microtubules or switch from microtubules to actin filaments. The presence of two types of 
motors (kinesin and dynein) move into opposite direction bound to the same cargo is 
commonly found in cells. Because of the unidirectional nature of microtubule and motors 
both plus and minus motors must be involved in the bidirectional transport of a single cargo. 
These two types of motors interact both mechanically by pulling each other and via bio-
chemical signals or regulating molecules. By ignoring all the other interactions except 
mechanical one, the cooperative mechanism for bidirectional cargo transport can be modeled 
as a tug-of-war and coordinated transport. 
Lipowsky et al considered a cargo with A^+ numbers of kinesin motor and A^ .^ numbers of 
dynein. The state of a cargo at a time is characterized by number of plus and minus motors, 
n+ and n., respectively. The motors on the cargo bound to and unbound from a microtubule in 
stochastic fashion, so that the cargo is pulled by «+ < Nf^ plus and n. < N. minus motors, 
where », and n- fluctuate with time. 
For symmetric tug-of-war, the number of plus and minus motors are the same and both have 
identical single motor parameters except for their preferred direction. The master equation 
for the motor number probability P{n^, nj depends on four parameters, i.e.. the number of 
plus and minus motors and three ratios as follows: 
N = N^=N_. K = £jn,, f = FjF,, and v = vjv, 
where K is desorption coefficient,/is force ratio, and v is the velocity ratio. Since backward 
velocity VB is small, the velocity ratio v = 0 and can be ignored. For fixed number of motors 
N, the relevant parameters are / K and probability distribution P{n+, nJ can be determined. 
Depending on the values of these parameters, the model exhibits qualitatively different 
solutions and motility states. These motility states exhibit distinct cargo trajectories and ca?-; 
formally be distinguished by Hie number of maxima of the motor number probability 
distribution P(n+, n.). 
Depending on the single motor parameters, the probability P(n*, nJ can have 1, 2, or 3 
maxima. For the symmetric case, three types of maxima occurs: (i) a maximum with only 
plus and no minus motors bound (/?+ > 0, n. = 0) gives (>) state, (ii) one with only minus and 
no plus motors bound (n+ = 0, n. > 0) gives (-) state, and (iii) one with equal number of plus 
and minus motors leads (0) state. The states (+) and (-) refers to fast plus and fast minus 
motion and state (0) for slow motion or a blockade situation as depicted in figure (5.3). 
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Figure (5.3): Cargo transport by two teams of motor: plus (blue) and minus (yellow) motors. 
Three different possible configurations: (0) for no motion, (+) for fast plus and (-) for fast 
minus motion 1371. 
Three maxima are found in the combinations (0), (-+), (-0+) leading to three qualitatively 
different motility states. For 'weak' motors with a low force ratio/f'= Ff^FJ of stall force to 
detachment force, the probability distribution P(n+, n.) has only one maximum at a 
AT 
configuration with «+ = «., wliich corresponds to no motion and the velocity distribution has 
a peak at zero velocity. When the motors have a high force ratio, the motor number 
probability distribution exhibit two maxima at {n,-, 0) and (0, n) corresponding to the states 
(+) and (-). Thus the cargo switches stochastically between fast plus and fast minus motion 
and corresponds to (-+) motility state. The velocity distribution has two peaks which are 
slightly reduced compared with single motor velocity. In an intermediate range of /^  the 
probability distribution, P(n+, n.), exhibits three maxima: a symmetric one corresponding to 
no motion as for motility state (0) and two non-symmetric ones corresponding to steady plus 
and minus motion as for state (-+). Thus the cargo switches between fast plus motion, fast 
minus motion and pauses (-0+) motility state. The velocity distribution has three peaks 
corresponding to three maxima. 
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Chapter 6: Conclusion 
The molecular motors are proteins performing important cellular functions. The motors 
directed along the filamentous track ferrying cargoes to appropriate destinations. Moreover it 
also collides with cell components and the molecules of viscous medium. The presence of 
thermal noise in the surrounding medium leads to a nonequilibrium environment. Langevin 
equation is used to study the behaviour of molecular motor by considering motor as a 
Brownian particle. 
The interaction of the motor with the molecular track is modeled in terms of asymmetric 
periodic potential (ratchet potential) felt by the motor. Ratchet potential produces the 
necessary condition of directed motion in nonequilibrium regime. The study of the efficiency 
of energy transduction by different types of ratchet models shows that the ratchet has very 
low efficiency which is of the order of 0.01. It is because of the fact that the changing the 
potential changes the particle distribution and tries to adapt to the changing environmental 
conditions. The hand-over-hand walking of conventional kinesin motor is explained by 
considering the two head domains as two particles coupled nonlinearly through a bistable 
potential. This model predicts hand-over-hand motion of the motor particles overcome 
bistable potential barrier otherwise motion is inchworm model. 
The lattice model of random walker proposed by Klumpp et al predicts many dynamic 
properties of motor movement that not predicted the by the ratchet models. Molecular motors 
exhibit peculiar random walks which arise from the repeated binding to and unbinding from 
the filament. Klumpp et al obtained analytical results like survival fraction, average position, 
and dispersion for random walks by solving the master equations of lattice models. The 
results obtained from the analytical equations that are in good agreement with the simulation 
results. 
In two dimensions the average position of both bound and unbound motors grown as ~ •// 
and in three dimensions the displacement grows only logarithmically, at large times t. In two 
and three dimensions, the longitudinal diffusion is strongly enhanced. In both cases, diffusion 
coefficient attains a high value which is of the order {yjs)~ and there is an additional 
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logarithmic correction term in three dimensions. The random wali<.er in different 
confinements Hi<:e half space, slab, and tube like compartments are discussed. Random 
walker in tube like compartments with different boundary conditions is discussed in 
connection with axonal transport. 
The studies on single motor properties help us in modeling the cooperative transport of a 
single cargo by several motor. The cooperative transport by many-motor provides the large 
run length, bidirectional transport and large forces to pull the cargo. Recent experiments and 
theoretical studies are concentrated on cooperative action of motors. 
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